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VARIATION OF THE LIOUVILLE MEASURE OF A
HYPERBOLIC SURFACE
FRANCIS BONAHON AND YAS¸AR SO¨ZEN
Abstract. For a compact riemannian manifold of negative curvature, the ge-
odesic foliation of its unit tangent bundle is independent of the negatively
curved metric, up to Ho¨lder bicontinuous homeomorphism. However, the rie-
mannian metric defines a natural transverse measure to this foliation, the
Liouville transverse measure, which does depend on the metric. For a surface
S, we show that the map which to a hyperbolic metric on S associates its Liou-
ville transverse measure is differentiable, in an appropriate sense. Its tangent
map is valued in the space of transverse Ho¨lder distributions for the geodesic
foliation.
One of the very basic examples of measure preserving dynamical system is the
geodesic flow of a riemannian manifold S. The metric m of S has a natural lift to a
riemannian metric m on the unit tangent bundle T 1S, and Liouville observed that
the volume form defined by m on T 1S is invariant under the geodesic flow. We
want to analyze what happens in this situation as we vary the metric m.
In general, as we modify the metric m, the topology of the geodesic flow can
dramatically change. However, if S is compact and if m has negative curvature, a
fortunate phenomenon occurs: the geodesic foliation of T 1S, whose leaves are the
orbits of the geodesic flow, is independent of the metric m. More precisely, if m and
m′ are two negatively curved riemannian metrics on the compact manifold S, and
if F and F ′ are the corresponding geodesic foliations of T 1S, there exists a Ho¨lder
bicontinuous homeomorphism of T 1S which sends F to F ′ and which is isotopic
to the identity; see for instance [Gr, §8.3]. In general, this homeomorphism does
not respect the parametrization of the leaves of F and F ′ provided by the geodesic
flows [Ot].
As we move from the geodesic flow to the geodesic foliation, there is a one-to-one
correspondence between measures on T 1S which are invariant under the geodesic
flow and transverse measures for the geodesic foliation F . Indeed, any measure
which is invariant under the geodesic flow locally is the product of some transverse
measure for F and of the measure induced by the flow on the leaves of F . In
particular, the Liouville measure of the metric m defines a transverse measure Lm
for the geodesic foliation F of m. As indicated above, the geodesic foliation F does
not depend on the negatively curved metric m; however, as a transverse measure
for this fixed foliation, the Liouville transverse measure Lm does depend on m.
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In this paper, we restrict attention to the case where S is a compact surface and
where m is a hyperbolic metric, namely has constant curvature −1. Let T (S) be
the Teichmu¨ller space of S, consisting of all isotopy classes of hyperbolic metrics on
S, and let C(S) denote the space of all transverse measures for the geodesic foliation
F of T 1S. The elements of C(S) are called measure geodesic currents as they are a
special type of de Rham currents on T 1S. The above construction defines a map
L : T (S)→ C(S)
which to a hyperbolic metric m ∈ T (S) associates its Liouville current Lm; indeed,
Lm depends only on the isotopy class of m. This map L was the focus of the article
[Bo1] (see also [Wo]) where, in particular, it was shown to be a proper embedding
if C(S) is endowed with the weak* topology.
The current paper is devoted to proving that the map L is differentiable, provided
that we suitably extend its range.
The case of the map which to t ∈ R associates the Dirac measure δt at the
point t on R suggests that, when considering tangent vectors to curves in a space of
measures, one should expand one’s scope to distributions. Indeed, in this case, the
derivative d
dt
δt is the distribution which to the differentiable function ϕ associates
its derivative ϕ′(t).
For Liouville currents, one encounters an additional difficulty: Although a hy-
perbolic metric m defines a differentiable transverse structure for the geodesic fo-
liation F , this transverse differentiable structure depends on the metric m. As a
consequence, there is no intrinsic general notion of transverse distribution for F .
However, F admits an intrinsic transverse Ho¨lder structure, and we can consider
transverse Ho¨lder distributions for F . Such a transverse Ho¨lder distribution assigns
to each surface V transverse to F in T 1S a continuous linear form on the space of
compactly supported Ho¨lder continuous functions ϕ : V → R, and this assignment
is invariant under the holonomy of F . In particular, a transverse Ho¨lder distri-
bution is a special type of transverse distribution, and defines a foliated de Rham
current of dimension 1 in T 1S, as in [Su].
Let H(S) denote the space of all transverse Ho¨lder distributions for the geodesic
foliation F , also called Ho¨lder geodesic currents. When endowed with the weak*
topology, H(S) is an infinite dimensional topological vector space, which contains
the space C(S) of measure geodesic currents.
Recall that the Teichmu¨ller space T (S) is a differentiable manifold of dimension
3 |χ(S)|, where χ(S) is the Euler characteristic of S.
Theorem 1. The Liouville map L : T (S)→ C(S) ⊂ H(S) is differentiable at each
m ∈ T (S), in the following sense: There exists a linear map TmL : TmT (S) →
H(S) such that TmL(v) =
d
dt
Lmt |t=0 for every tangent vector v ∈ TmT (S) and
for every differentiable curve t 7→ mt ∈ T (S), t ∈ ]−ε,+ε[, with m0 = m and
d
dt
mt|t=0 = v.
In addition, the tangent map TmL depends continuously on m.
By definition of the weak* topology onH(S), the statement TmL(v) =
d
dt
Lmt |t=0
means that, for every Ho¨lder continuous function with compact support ϕ : V → R
defined on a surface V transverse to F in T 1S, the number TmL(v)(ϕ) associated
to ϕ by the Ho¨lder transverse distribution TmL(v) is equal to
TmL(v)(ϕ) =
d
dt
∫
V
ϕdLmt
|t=0
.
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In particular this derivative exists.
Ho¨lder geodesic currents already appeared in the paper [Bo3], where they oc-
curred as tangent vectors to the space of measured geodesic laminations on the
surface S; see in particular [Bo3, §§9–10] for a few applications of this analytic
point of view. It seems remarkable that a notion which was originally introduced
because of consistency considerations, namely because it was the only type of trans-
verse distributions to F which seemed to make sense, could actually end up being
the correct background to compute the tangent maps of various geometric functions.
We prove Theorem 1 by an explicit computation using the shearing coordinates
for Teichmu¨ller space developed in [Bo2] (dual to the length coordinates appearing
in [Th]). In particular, we give in Theorem 13 an explicit formula for the tangent
map TmL in terms of these shearing coordinates. The main part of the argument
is to prove the convergence of the series involved in this formula. Presumably, one
could alternatively use more classical coordinates for T (S), such as the Fenchel-
Nielsen coordinates. However, this seems harder to do and the shearing coordinates
have the definite technical advantage that one only has to deal with shearing as
opposed to mixing lengths and shearing.
Dragomir Sˇaric´ has recently developed a new approach [Sˇa] to the results of this
article. It is somewhat more direct, and has the additional advantage of extending
to (infinite dimensional) Teichmu¨ller spaces of surfaces with infinite area, and in
particular to the universal Teichmu¨ller space. To some extent, the occurrence of
Ho¨lder geodesic currents in this infinite dimensional setting is somewhat surprising,
as one could have expected distributions with a lower level of regularity.
We are grateful to the referee for a critical reading of the manuscript and for
many insightful suggestions.
1. Geodesic currents
Throughout the paper, S will be a compact oriented surface. The results au-
tomatically extend to non-orientable surfaces by considering their orientation cov-
erings, and also extend to surfaces with cusps through minor rephrasings of the
arguments. As indicated in the introduction, a hyperbolic metric m on S defines a
transverse measure Lm for the geodesic foliation F of T
1S. Recall that a transverse
measure is the assignment of a Radon1 measure on each surface V transverse to F ,
in a way which is invariant under the holonomy of F . Equivalently, a transverse
measure locally is a measure on the space of leaves of F in local charts for S, so
that these measures agree when charts overlap.
Globally, the space of leaves of S is not Hausdorff, so it is convenient to lift
the situation to the universal covering S˜ of S. Lift the hyperbolic metric m to a
hyperbolic metric on S˜, which we will still denote by m. The geodesic foliation F˜ of
T 1S˜ defined by this metric projects to the geodesic foliation F of T 1S. Because S˜
is simply connected and m has negative curvature, every geodesic is globally length
minimizing, and it follows that F˜ has no recurrent leaves. As a consequence, the
space of leaves of F˜ is Hausdorff. This space of leaves is also the space G
(
S˜
)
of all
oriented bi-infinite geodesics of S˜.
1Recall that a Radon measure is a measure defined on Borel sets which assigns finite mass to
each compact subset.
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To work with G
(
S˜
)
, it is convenient to consider the circle at infinity ∂∞S˜ of
S˜. Recall that ∂∞S˜ is the quotient of the set of geodesic rays of S˜ under the
equivalence relation which identifies two rays when they stay at bounded distance
from each other. If we pick a base point O in S˜, each equivalence class has a unique
representative among the geodesic rays issued from O, which identifies ∂∞S˜ to the
unit tangent space T 1OS˜. In particular, this identification ∂∞S˜
∼= T 1OS˜ defines a
metric on ∂∞S˜, the angle metric based at O.
Every geodesic of S˜ has two distinct end points on the circle at infinity ∂∞S˜,
and any couple of distinct points of ∂∞S˜ is obtained in this way. This identifies the
space G
(
S˜
)
of oriented geodesics of S˜ to the open annulus ∂∞S˜× ∂∞S˜−∆, where
∆ denotes the diagonal.
A measure geodesic current on S, namely a transverse measure for the geodesic
foliation F in T 1S, lifts to a transverse measure for the geodesic foliation F˜ in T 1S˜.
It globally defines a measure on the space G
(
S˜
)
= ∂∞S˜ × ∂∞S˜ − ∆ of leaves of
F˜ , since no leaf of F˜ is recurrent. Note that this measure is invariant under the
natural action of the fundamental group pi1(S). This identifies the space C(S) of
measure geodesic currents to the space of pi1(S)–invariant measures on G
(
S˜
)
.
If one replaces the metric m by another hyperbolic metric m′ on S and the base
pointO by another point O′ ∈ S˜, everym′–geodesic ray issued fromO′ in S˜ is quasi-
geodesic for m, and therefore stays at bounded distance from a unique m–geodesic
ray issued fromO. This shows that the circle at infinity ∂∞S˜ is actually independent
of the hyperbolic metric m. In addition, from the quasi-geodesic property and
from easy curvature estimates, the two angle metrics d and d′ on ∂∞S˜ which are
respectively associated to m and the base point O and to m′ and the base point
O′ are Ho¨lder equivalent in the following sense: There exists constants C > 0 and
ν > 0 such that
1
C
d(x, y)
1
ν 6 d′(x, y) 6 C d(x, y)ν
for every x, y ∈ ∂∞S˜. See also [Gr, §7.2] or [KH, §19.1]. In particular, G
(
S˜
)
=
∂∞S˜×∂∞S˜−∆ inherits from the angle metric of ∂∞S˜ a natural metric well-defined
up to Ho¨lder equivalence, and for which the action of the fundamental group pi1(S)
is Ho¨lder continuous.
If K is a compact subset of G
(
S˜
)
and if ν > 0, let HνK
(
G
(
S˜
))
be the set of
all Ho¨lder continuous functions ϕ : G
(
S˜
)
→ R with support contained in K and
with Ho¨lder exponent ν. Recall that ϕ is Ho¨lder continuous with Ho¨lder exponent
ν ∈ ]0, 1] when the norm
‖ϕ‖ν = sup
g∈G(S˜)
|ϕ(g)|+ sup
g,h∈G(S˜)
|ϕ(g)− ϕ(h)|
d(g, h)ν
is finite. Let H
(
G
(
S˜
))
be the set of all the Ho¨lder continuous functions with
compact support on G
(
S˜
)
, namely H
(
G
(
S˜
))
is the union of all the HνK
(
G
(
S˜
))
as K ranges over all compact subsets of G
(
S˜
)
and ν ranges over all numbers in
]0, 1]. A Ho¨lder geodesic current on S is a linear map H
(
G
(
S˜
))
→ R which is
invariant under the action of pi1(S), and which is continuous in the sense that
its restriction to each HνK
(
G
(
S˜
))
is continuous for the norm ‖ ‖ν . Note that this
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notion is independent of the choice of the negatively curved metric m on S, because
the distance d on G
(
S˜
)
is well-defined up to Ho¨lder equivalence.
Let H(S) denote the space of Ho¨lder geodesic currents, endowed with the weak*
topology defined by the family of semi-norms α 7→ |α(ϕ)| as ϕ ranges over all the
elements of H
(
G
(
S˜
))
.
2. The Liouville geodesic current
Let m ∈ T (S) be a hyperbolic metric on S. Then there is an orientation-
preserving isometry Θm : S˜ → H
2 between the universal covering S˜, endowed
with the lift of m, and the hyperbolic plane H2. This isometry induces Ho¨lder
bicontinuous homeomorphisms ∂∞S˜ → ∂∞H
2 and G
(
S˜
)
→ G
(
H2
)
which, to avoid
the proliferation of symbols, we will also denote by Θm.
Then the Liouville geodesic current is the measure Lm = Θ
∗
m
(
LH2
)
on G
(
S˜
)
which is the pull back by Θm of the Liouville geodesic current LH2 on G
(
H
2
)
.
To compute LH2 , consider the Poincare´ disk model for the hyperbolic plane H
2,
namely the open unit disk {z ∈ C; |z| < 1} with the metric which at z is 2/
(
1− |z|2
)
times the euclidean metric. Its circle at infinity ∂∞H
2 then is identified to the unit
circle S1. If x, y ∈ S1, let h(x, y) be the oriented geodesic of H2 going from
x to y. Then a simple computation (see [Bo1, §A.2-3]) shows that the Liouville
measure LH2 on G
(
H2
)
= S1 × S1 −∆ coincides with the measure which is locally
2dx dy/|x− y|2 at h(x, y).
In the upper half-space model {z ∈ C; Im(z) > 0} for H2, the circle at infinity
∂∞H
2 corresponds to R ∪ {∞}. Then, the Liouville measure on G
(
H2
)
coincides
with the measure which is 2dx dy/ |x− y|
2
at the geodesic h(x, y) going from x to
y ∈ R.
The reader should beware of a few minor differences with the setting of [Bo1].
The Liouville geodesic current Lm considered here is twice that of [Bo1], to make
it more directly related to the volume form of T 1S. Also, G
(
S˜
)
denotes here the
space of oriented geodesics of S˜.
3. The shearing coordinates for Teichmu¨ller space
We summarize here the basic properties of the shearing coordinates for Teichmu¨ller
space which we will need. We refer to [Bo2] for details.
These shearing coordinates are associated to the choice of a maximal geodesic
lamination λ on S. Recall that, for an arbitrary metric of negative curvature on
S, a geodesic lamination is a closed subset of S which can be decomposed as a
union of disjoint complete geodesics which have no self-intersection points. Such a
notion is actually a topological object, independent of the metric, in the sense that
there is a natural identification between m–geodesic laminations and m′–geodesic
laminations for any two negatively curved metricsm andm′. A geodesic lamination
is maximal if it is maximal for inclusion among all geodesic laminations, which is
equivalent to the property that the complement S − λ consists of finitely many
infinite triangles.
A fundamental example of a maximal geodesic lamination is obtained as follows.
Start with a family λ1 of disjoint simple closed geodesics decomposing S into pairs
of pants. Each pair of pants can be divided into two infinite triangles by three
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infinite geodesics spiralling around some boundary components. The union of λ1
and of these spiralling geodesics forms a maximal geodesic lamination λ.
The shearing coordinates belong to the space H(λ) of transverse cocycles for
the maximal geodesic lamination λ, namely of finitely additive signed transverse
measures (valued in R) for λ. The vector space H(λ) has finite dimension 3|χ(S)|;
see [Bo4, Theorem 15]. The analogy in notation between the space H(λ) of trans-
verse cocycles for the geodesic lamination λ and the space H(S) of Ho¨lder geodesic
currents on the surface S is not a coincidence, because it is proved in [Bo4] that
H(λ) is in a natural way a subspace of H(S); however, this is irrelevant here.
The shearing coordinates for Teichmu¨ller space define an open embedding T (S)→
H(λ) which associates to a hyperbolic metric m ∈ T (S) its shearing cocycle σm ∈
H(λ) [Bo2, §2]. It is proved in [Bo2, Theorem A] that this map defines a real
analytic diffeomorphism from T (S) to an open subset of H(λ).
We will use a relatively explicit description of the inverse of the map m 7→ σm,
as constructed in [Bo2, §5]. Let m0 ∈ T (S), let m be another hyperbolic metric
which is near m0, and let σm0 , σm ∈ H(λ) be their respective shearing cocycles.
Then the isometries Θm0 :
(
S˜,m0
)
→ H2 and Θm :
(
S˜,m
)
→ H2 considered in
Section 2 can be chosen so that the induced map Θm ◦Θ
−1
m0
: ∂∞H
2 → ∂∞H
2 is of
the type which we now describe. Unfortunately, this will require some care in the
definitions as well as relatively cumbersome notation.
Use the isometry Θm0 to identify the preimage λ˜ of λ in S˜ to a geodesic lam-
ination of H2, which we will also denote by λ˜. Pick a base point O ∈ S˜ ∼= H2
which is disjoint from λ˜. This defines a partial order on the set of components of
H
2 − λ˜ which are different from the component TO containing O where, for two
such components T and T ′, T < T ′ exactly when T separates O from T ′.
Orient the leaves of λ˜ to the left, as seen from the base point O. For such a
leaf g and for a ∈ R, let the elementary earthquake, or elementary shearing map
Eag : H
2 − g → H2 − g coincide with the identity on the component of H2 − g that
contains O and with the hyperbolic translation of a along the oriented geodesic g
on the other component of H2 − g. Note that, although Eag does not continuously
extend to H2, it has a continuous extension to a homeomorphism ∂∞H
2 → ∂∞H
2,
which we also denote by Eag .
For a component T of H2 − λ˜ which is not the component TO containing O, the
boundary of T consists of three leaves gT1 , g
T
2 and g
T
3 of λ˜ since λ is a maximal
geodesic lamination. Choose the indexing so that gT1 , g
T
2 and g
T
3 occur in this order
as one goes counterclockwise around ∂T , and so that gT3 is in the boundary of the
component of H2 − T that contains O. For a ∈ R, define EaT = E
a
gT
3
◦ E−a
gT
1
◦ E−a
gT
2
.
Set α = σm−σm0 ∈ H(λ). Note that α also defines a transverse cocycle for λ˜. If
T is a component of H2 − λ˜, let α(T ) be the number associated by this transverse
cocycle to a geodesic arc joining the base point O to an arbitrary point of T .
Let a spanning family of components ofH2−λ˜ be a finite family U = {U1, U2, . . . , Up}
of components of H2 − λ˜ different from the component TO containing O such that
no two Ui are comparable for <, namely such that no Ui separates O from another
Uj. We will write T < U when T < Ui for some Ui ∈ U .
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O
T1
T2
T3
T4
T5
T6
T7
T8
TO
gT11
gT12 gT13
Figure 1. The partial order on the components of H2 − λ˜: T4 <
T5 < T7, T1 and T2 are not comparable, and {T1, T3, T6, T7} is a
spanning family.
For such a spanning family U , consider the infinite non-commutative product
EαU =
−−→∏
T<U
E
α(T )
T
∏
U∈U
E
α(U)
gU
3
defined as the limit of
(1) EαT1T2...Tn = E
α(T1)
T1
E
α(T2)
T2
. . . E
α(Tn)
Tn
∏
U∈U
E
α(U)
gU
3
as the finite family {T1, T2, . . . , Tn} tends to the set of all T 6= TO with T < U and
where, for every i < j, either Ti < Tj or Ti and Tj are not comparable (namely
Ti < Tj ⇒ i < j). Note that E
α(Ti)
Ti
and E
α(Tj)
Tj
commute when Ti and Tj are not
comparable, so that the order does not matter in this case. For the same reason,
the order is irrelevant in the product of the (finitely many) E
α(U)
gU
3
with U ∈ U . The
arrow on top of the first product symbol serves as a reminder that the terms must
appear in an order compatible with the partial order <. The fact that the limit
exists is proved in [Bo2, §5]. The set up in that paper is slightly different, but the
restriction of EαU : H
2 − λ˜ → H2 to a component T of H2 − λ˜ coincides with what
is called ϕT0T in [Bo2, §5] if T < U , with ϕT0Ui if there is an Ui ∈ U such that
Ui < T , and with the identity otherwise.
We now let the spanning family U uniformly tend to infinity, in the sense that
the set {T ;T < U} converges to the set of all components T 6= TO of H
2− λ˜. Then
EαU converges to a map
Eα : H2 − λ˜→ H2
8 FRANCIS BONAHON AND YAS¸AR SO¨ZEN
which coincides with a hyperbolic isometry on each component of H2 − λ˜. The
convergence is immediate from the fact that EαU and E
α
U ′ coincide on the component
T when T < U and T < U ′. The map Eα is the shear map associated to λ˜ and to
the transverse cocycle α.
In general, the shear map Eα has no continuous extension to H2. However, it
conjugates the action of pi1(S) on S˜ ∼= H
2 to a group Γ of isometries of H2 whose
action is free and properly discontinuous; see [Bo2, §5]. As a consequence, Eα
continuously extends to a homeomorphism Eα : ∂∞H
2 → ∂∞H
2. The fact that
σm = σm0 + α ∈ H(λ) is the shearing cocycle of the metric m ∈ T (S) means that
the isomorphism pi1(S) ∼= Γ defined by E
α can be realized by an isometry between
(S,m) and the quotient H2/Γ. In other words, the isometry Θm can be chosen so
that the homeomorphisms Eα and Θm ◦Θ
−1
m0
: ∂∞H
2 → ∂∞H
2 coincide.
In addition, as U uniformly converges to infinity, the homeomorphism EαU :
∂∞H
2 → ∂∞H
2 uniformly converges to Eα : ∂∞H
2 → ∂∞H
2.
The homeomorphisms Eag , E
a
T , E
α
U , E
α of ∂∞H
2 induce homeomorphisms of
G
(
H2
)
= ∂∞H
2 × ∂∞H
2 −∆, which we will denote by the same symbols.
4. Formal computations
Let t 7→ mt, t ∈ ]−ε, ε[, be a differentiable curve in the Teichmu¨ller space T (S).
We want to show that the derivative d
dt
Lmt |t=0 exists as a Ho¨lder geodesic current.
Namely, for a Ho¨lder continuous function ϕ : G
(
S˜
)
→ R with compact support, we
want to show that the derivative
d
dt
∫∫
G(S˜)
ϕdLmt
|t=0
exists and depends continuously on ϕ.
Let σt ∈ H(λ) be the shearing cocycle associated to the hyperbolic metric, and
set αt = σt − σ0 ∈ H(λ). Then,∫∫
G(S˜)
ϕdLmt =
∫∫
G(H2)
ϕ ◦Θ−1mt dLH2 =
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦ (E
αt)
−1
dLH2
where, as in Section 3, the homeomorphism Eαt : G
(
H2
)
→ G
(
H2
)
is defined as
the limit of the homeomorphisms
(2) EαtU =
−−→∏
T<U
E
αt(T )
T
∏
U∈U
E
αt(U)
gU
3
as the spanning family U uniformly tends to infinity.
For a fixed component T of S˜ − λ˜, the number σt(T ) is a linear function of the
transverse cocycle σt ∈ H(λ). Since the shearing cocycle σt depends differentiably
on the hyperbolic metric mt, it follows that the derivative
σ˙0(T ) =
d
dt
σt(T )
|t=0
=
d
dt
αt(T )
|t=0
exists and depends only on T and on the tangent vector d
dt
mt |t=0 ∈ Tm0T (S).
VARIATION OF THE LIOUVILLE MEASURE OF A HYPERBOLIC SURFACE 9
If we formally differentiate the infinite product of Equation 2, we can expect
that
(3)
d
dt
∫∫
G(H2)
ϕ◦Θ−1m0 ◦(E
αt
U )
−1
dLH2
|t=0
?=
∑
T<U
σ˙0(T )C0
(
ϕ, T
)
+
∑
U∈U
σ˙0(U)C0
(
ϕ, gU3
)
where the question mark on the = sign is here to remind us that this is only a
conjectural formula, where the contribution of a geodesic g ∈ G
(
S˜
)
is
(4) C0(ϕ, g) =
d
da
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦
(
Eag
)−1
dLH2
|a=0
and where the contribution of a component T of S˜ − λ˜ is
C0(ϕ, T ) =
d
da
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦ (E
a
T )
−1 dLH2
|a=0
= C0
(
ϕ, gT3
)
− C0
(
ϕ, gT1
)
− C0
(
ϕ, gT2
)(5)
since EaT = E
a
gT
3
◦ E−a
gT
1
◦ E−a
gT
2
by definition.
We will see that, as we let the spanning family U uniformly tend to infinity, the
last term
∑
U∈U σ˙0(U)C0
(
ϕ, gU3
)
of Equation 3 vanishes in the limit. Therefore,
the expected formula for the derivative of t 7→ Lmt is
d
dt
∫∫
G(S˜)
ϕdLmt
|t=0
=
d
dt
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦ (E
αt)
−1
dLH2
|t=0
?=
∑
T
σ˙0(T )C0(ϕ, T )
(6)
where the sum is over all components T of S˜ − λ˜ that are different from the com-
ponent TO containing the base point O.
The main technical point of our arguments is to prove that the infinite sums
of Equations 6 and 3 do converge and, unlike the above formal computations, will
strongly use the hypothesis that the function ϕ is Ho¨lder continuous.
We first compute the derivative C0(ϕ, g) corresponding to the elementary earth-
quake along a single geodesic g. This will not require much regularity for ϕ.
Lemma 2. For an oriented geodesic g ∈ G
(
S˜
)
, let C0(ϕ, g) be defined by Equa-
tion 4. Then, for every continuous function ϕ : G
(
S˜
)
→ R with compact support,
(7) C0(ϕ, g) =
∫∫
G(S˜)
ϕ(h) cos θ(g, h) dLm0(h)
where θ(g, h) ∈ [0, pi[ denotes the angle from g to h at their intersection point,
measured counterclockwise for the metric m0 and without taking the orientation of
the geodesics into account, and where by convention cos θ(g, h) = 0 if g and h do
not meet.
Proof. Before going any further, we will introduce a restriction on the function
ϕ which will somewhat simplify the exposition. The Liouville measures Lm are
invariant under the involution r of G
(
S˜
)
defined by reversing the orientation of the
geodesics. As a consequence, the integral of ϕ for Lm is equal to the integral of the
symmetrized function (ϕ+ϕ◦r)/2. The same applies to the integral of Equation 7.
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We can therefore restrict attention to those functions ϕ which are balanced in the
sense that they are invariant under the involution r.
Choose the isometric identification Θm0 :
(
S˜,m0
)
→ H2 so that, in the upper
half-space model for H2, the oriented geodesic g goes from the point 0 to the point
∞. Then, on ∂∞H
2 = R ∪ {∞}, the homeomorphism Eag is such that E
a
g (x) = e
ax
for x > 0 and Eag (y) = y for y 6 0. Since only those geodesics which cross g
contribute to the derivative, it follows that
C0(ϕ, g) =
d
da
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦
(
Eag
)−1
dLH2
|a=0
= 4
d
da
∫ 0
−∞
∫ +∞
0
ϕ ◦Θ−1m0
(
h
(
e−ax, y
)) dx dy
(x− y)2 |a=0
= 4
d
da
∫ 0
−∞
∫ +∞
0
ϕ ◦Θ−1m0 (h (x, y))
eadx dy
(eax− y)
2 |a=0
= 4
∫ 0
−∞
∫ +∞
0
ϕ ◦Θ−1m0 (h (x, y))
−x− y
x− y
dx dy
(x− y)
2
where h(x, y) denotes the geodesic joining x to y. Here the factor 4 has two origins:
one factor 2 comes from the expression of the Liouville geodesic current in Section 2;
another 2 comes from the fact that we have to consider the two possible orientations
for each geodesic crossing g, and that each orientation contributes the same amount
by our assumption that ϕ is balanced. An elementary computation in hyperbolic
geometry shows that the term −x−y
x−y is equal to the cosine of the angle from the
geodesic g joining 0 to ∞ to the geodesic h(x, y) joining x to y. This concludes the
proof. 
5. The main estimate
Throughout this section, S is endowed with the hyperbolic metric m0, and λ
is realized by an m0–geodesic lamination. We pick a base point O ∈ S˜ which is
disjoint from the preimage λ˜ of λ. Endow the circle at infinity ∂∞S˜ with the angle
metric as seen from the point O, and the space G
(
S˜
)
= ∂∞S˜×∂∞S˜−∆ of oriented
geodesics of S˜ with the corresponding product metric. For a Ho¨lder continuous
function ϕ : G
(
S˜
)
→ R, its Ho¨lder norm ‖ϕ‖ν will be computed with respect to
this metric on G
(
S˜
)
.
Consider a component T of S˜− λ˜ which is not the component TO containing the
base point O. Let DT denote the distance from O to T , namely the distance from
O to the point xT of the geodesic g
T
3 that is closest to O. Let yT be the orthogonal
projection to gT3 of the vertex of the triangle T that separates g
T
1 from g
T
2 . Finally,
let uT ∈ R be the signed distance from xT to yT in the oriented geodesic g
T
3 , namely
|uT | is equal to the distance from xT to yT and uT < 0 exactly when yT is to the
right of xT as seen from O.
The key ingredient of the proof of Theorem 1 is the following estimate for the
quantity C0(ϕ, T ) defined by Equation 5.
We write u ≺ v when the ratio |u/v| is bounded above by a constant, and we
write u ≍ v when both u ≺ v and v ≺ u.
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O
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gT3
gT1
gT2
xT
yT
uT
DT
Figure 2. The quantities DT and uT .
Proposition 3. Let ϕ : G(S˜) → R be a Ho¨lder continuous function with Ho¨lder
exponent ν, and such that every geodesic g ∈ G(S˜) in the support of ϕ meets the
ball B(O,R) ⊂ S˜. Then,
C0(ϕ, T ) ≺ ‖ϕ‖ν e
−(1+ν)DT e−|uT |
where the constant hidden in the symbol ≺ depends only on the radius R and on a
number r > 0 such that λ˜ is disjoint from B(O, r).
We can rephrase the estimate of Proposition 3 as follows. The hyperbolic triangle
T has a natural center OT , defined for instance as the point that is at equal distance
from the three sides of T .
Lemma 4. ∣∣d(O,OT )−DT − |uT |∣∣ ≺ 1
Proof of Lemma 4. By elementary hyperbolic geometry, the distance d(O,OT ) is
within 12 log 3 of d(O, yT ) which, by consideration of the right angled hyperbolic
triangle OxT yT , is itself within log 2 of DT + |uT |. 
The estimate of Proposition 3 can therefore be rewritten as
C0(ϕ, T ) ≺ ‖ϕ‖ν e
−νd(O,T )e−d(O,OT ).
We now begin the proof of Proposition 3, which will occupy most of this section.
We split the argument in two cases, according to whether the distance DT from O
to T is larger than 2R or not.
Proof of Proposition 3 when DT > 2R. Choose the isometry Θm0 between S˜, en-
dowed with the metric m0, and the Poincare´ disk model for the hyperbolic space
H
2, bounded by the unit circle S1 in C, so that Θm0 sends the base point O ∈ S˜ to
the center 0 ∈ H2 ⊂ C of the disk. We use Θm0 to identify S˜ to H
2 so that, in this
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identification S˜ ∼= H2, the map Θm0 is now the identity. We will consequently use
the same symbol to represent an object in S˜ and the corresponding object in H2.
As in the proof of Lemma 2, we can assume without loss of generality that ϕ is
balanced, namely invariant under the involution r of G
(
S˜
)
defined by reversing the
orientation of geodesics.
Every geodesic h which contributes to the integrals in C0(ϕ, T ) must be in the
support of ϕ and must cross at least one of the geodesics gTi . Because of our
assumption that DT > 2R and by choice of R, such an h will necessarily cross
gT3 . The vertices of the ideal triangle T decompose the circle ∂∞S˜
∼= S1 into three
intervals I1, I2 and I3, where Ii has the same end points as the geodesic g
T
i . If we
combine the definition of C0(ϕ, T ) in Equation 5, the computation of Lemma 2 for
C0(ϕ, g), the expression for the Liouville geodesic current LH2 given in Section 2,
and the fact that ϕ is balanced, it follows that
C0(ϕ, T ) = 4
∫
I3
∫
I1∪I2
ϕ(h(x, y))
(
cos θ(gT3 , h(x, y))
− cos θ(gT1 , h(x, y)) − cos θ(g
T
2 , h(x, y))
) dx dy
|x− y|2
where h(x, y) denotes the geodesic with end points x, y ∈ S1. It therefore suffices
to bound the quantity
I(y) = 2
∫
I1∪I2
ϕ(h(x, y))
(
cos θ(gT3 , h(x, y))
− cos θ(gT1 , h(x, y)) − cos θ(g
T
2 , h(x, y))
) dx
|x− y|
2
for every y ∈ I3. (The factor 2 is here to avoid dragging cumbersome constants in
the computations below.)
We now switch to the upper-half space model for H2, bounded by the real line R
in C, in such a way that the base point O now corresponds to the point i ∈ H2 ⊂ C
and in such a way that the point y is sent to ∞. The measure dx/ |x− y|
2
on S1
is then sent to the measure 12dx on R. In this context, this gives the expression
I(∞) =
∫ b
a
ϕ(h(x,∞))
(
cos θ(gT3 , h(x,∞))
− cos θ(gT1 , h(x,∞)) − cos θ(g
T
2 , h(x,∞))
)
dx
where, as before, h(x,∞) is the geodesic going from x to y =∞, namely the vertical
euclidean line passing through x, and where a and b ∈ R correspond to the end
points of I3, with a < b.
Let c ∈ R correspond to the third vertex of T . If we use elementary euclidean
geometry to compute cos θ(gTk , h(x,∞)) and if we write ψ(x) = ϕ(h(x,∞)), then
I(∞) =
∫ b
a
ψ(x)
2x − a− b
b− a
dx
−
∫ c
a
ψ(x)
2x − a− c
c− a
dx−
∫ b
c
ψ(x)
2x − c− b
b − c
dx.
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Note that ∫ b
a
2x− a− b
b− a
dx =
∫ c
a
2x− a− c
c− a
dx =
∫ b
c
2x− c− b
b− c
dx = 0.
Therefore,
I(∞) =
∫ b
a
η(x)
2x − a− b
b− a
dx−
∫ c
a
η(x)
2x− a− c
c− a
dx−
∫ b
c
η(x)
2x − c− b
b− c
dx
= −
∫ c
a
η(x)
2(x − a)(b − c)
(b− a)(c− a)
dx+
∫ b
c
η(x)
2(b − x)(c − a)
(b− a)(b − c)
dx
if we set η(x) = ψ(x) − ψ(c). Integrating in x, we conclude that
(8) |I(∞)| 6 2
(c− a)(b− c)
b− a
max
x∈[a,b]
|η(x)|
We now use the fact that ϕ : G(S˜) → R is Ho¨lder continuous with respect to the
angle metric on S1, with Ho¨lder exponent ν ∈ ]0, 1] and with Ho¨lder norm ‖ϕ‖ν .
As we switch from the disk model to the upper half-space model for H2 by an
isometry sending 0 to i, the angle metric on S1 becomes the metric 21+x2 dx on
R. It follows that the function η(x) = ψ(x) − ψ(c) = ϕ(h(x,∞)) − ϕ((h(c,∞)) is
Ho¨lder continuous with respect to the usual metric dx of R, with Ho¨lder exponent
ν and with Ho¨lder norm ‖η‖ν 6 2 ‖ϕ‖ν .
In particular, because η(c) = 0, we have that |η(x)| 6 2 ‖ϕ‖ν |x− c|
ν
for every
x. It follows that maxx∈[a,b] |η(x)| is bounded by 2 ‖ϕ‖ν |b− a|
ν
. Combining with
Equation 8, we obtain that
(9) |I(∞)| 6 4 ‖ϕ‖ν
(c− a)(b − c)
b− a
|b− a|ν .
We now estimate DT and uT in terms of a, b and c.
Lemma 5. If I(∞) 6= 0 and if T is at distance at least 2R from the base point O,
then:
(i) e−DT ≍ b− a;
(ii) c− a ≍ b− a and e−|uT | ≍ b−c
b−a when uT > 0;
(iii) b− c ≍ b− a and e−|uT | ≍ c−a
b−a when uT 6 0.
Proof of Lemma 5. On the geodesic gT3 , with end points a and b, we already have
two preferred points, namely the orthogonal projection xT of O = i and the or-
thogonal projection yT of the vertex c. Recall that DT is the distance from O to
xT , and that uT is the signed distance from xT to yT in the oriented geodesic g
T
3 .
Consider a third point, namely the orthogonal projection zT of the point ∞ to g
T
3 .
In euclidean terms, zT is the point of the euclidean semi-circle g
T
3 ⊂ H
2 ⊂ C that
has the largest imaginary part, namely zT =
a+b
2 +
b−a
2 i.
The points x ∈ R such that the geodesic joining x to ∞ meets the disk B(O,R)
form an interval [−R′, R′], where R′ depends only on R. If I(∞) 6= 0, then the
intervals [a, b] and [−R′, R′] have a non-trivial intersection. Since, in addition, gT3
is disjoint from the interior of the ball B(O, 2R), we conclude that a and b stay in
a closed interval [−R′′, R′′] where, again, R′′ depends only on R.
Consider the horocycle centered at ∞ passing through O, namely the euclidean
horizontal line passing through O = i. Let z′T be the point of this horocycle which
lies on the same vertical line as zT , namely z
′
T =
a+b
2 + i. The piece of horocycle
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a bc
xTyT
zT
z′TO = i
gT3
gT2
gT1
Figure 3. The proof of Lemma 5, with uT < 0.
joining O to z′T has length
∣∣a+b
2
∣∣ 6 R′′. It follows that the distance from O to
z′T is bounded by R
′′. Also, the orthogonal projection of z′T to g
T
3 is equal to zT ,
the orthogonal projection of O to gT3 is equal to xT , and the orthogonal projection
map is distance non-increasing; it follows that the distance from xT to zT is also
bounded by R′′.
By definition, DT is equal to the distance from O to xT . From the above obser-
vations and the triangle inequality, it follows that DT is within 2R
′′ of the distance
from z′T =
a+b
2 + i to zT =
a+b
2 +
b−a
2 i. Since this distance is equal to
∣∣log b−a2 ∣∣,
and since b−a2 6 R
′′ this proves that e−DT ≍ b− a.
Similarly, uT is equal to the signed distance from the point xT to yT in g
T
3 , and is
therefore within R′′ of the signed distance u′T from zT to yT . Consider the isometry
Θ of H2 sending a, b, ∞ to ∞, 0, 1, respectively. Then Θ sends c to −e−u
′
T . From
the invariance of cross-products under Θ, we conclude that
(−e−u
′
T − 0)(1−∞)
(−e−u
′
T −∞)(1 − 0)
=
(c− b)(∞− a)
(c− a)(∞− b)
namely e−u
′
T = b−c
c−a . It follows that
e−uT ≍ e−u
′
T =
b− c
c− a
.
If uT > 0, then u
′
T admits a uniform lower bound and e
−u′T admits a uniform
upper bound, so that b− c ≺ c− a. It follows that c− a ≍ b− a. This implies
e−|uT | = e−uT ≍
b− c
c− a
≍
b− c
b − a
.
Similarly, when uT 6 0, then b− c ≍ b− a and
e−|uT | = euT ≍ eu
′
T =
c− a
b− c
≍
c− a
b− a
.
This concludes the proof of Lemma 5.

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We now return to our estimate
|I(∞)| 6 4 ‖ϕ‖ν
(c− a)(b − c)
b− a
|b− a|
ν
from Equation 9.
When uT > 0, Lemma 5 and the fact that c− a 6 b− a imply
|I(∞)| 6 4 ‖ϕ‖ν (b − c) |b− a|
ν
≺ ‖ϕ‖ν e
−DT e−|uT |e−νDT .
The same estimate holds when uT 6 0 by a symmetric argument.
If we go back to the beginning of the proof, this shows that
I(y) ≺ ‖ϕ‖ν e
−(1+ν)DT e−|uT |
for every y ∈ I3. Then,
C0(ϕ, T ) = 2
∫
I3
I(y) dy ≺ ‖ϕ‖ν e
−(1+ν)DT e−|uT |.
This concludes the proof of Proposition 3 when T is at distance at least 2R from
the base point O. 
Proof of Proposition 3 when DT 6 2R. Note that, in this case, we only need to
show that C0(ϕ, T ) ≺ ‖ϕ‖ν e
−|uT |. Also, we again can assume that ϕ is balanced,
without loss of generality.
In this case, we have an additional term because there can be geodesics h which
contribute to C0(ϕ, T ) but which do not meet the geodesic g
T
3 . These additional
geodesics must cross both gT1 and g
T
2 , and therefore must have one end point in
the interval I1 and the other one in I2. So, C0(ϕ, T ) splits as a sum C0(ϕ, T ) =
C1(ϕ, T ) + C2(ϕ, T ) with
C1(ϕ, T ) = 4
∫
I3
∫
I1∪I2
ϕ(h(x, y))
(
cos θ(gT3 , h(x, y))
− cos θ(gT1 , h(x, y)) − cos θ(g
T
2 , h(x, y))
) dx dy
|x− y|2
and
C2(ϕ, T ) = 4
∫
I1
∫
I2
ϕ(h(x, y))
(
− cos θ(gT1 , h(x, y))
− cos θ(gT2 , h(x, y))
) dx dy
|x− y|
2
using the fact that ϕ is balanced.
As in the first case, to bound the first integral C1(ϕ, T ), it suffices to bound the
quantity
I(y) = 2
∫
I1∪I2
ϕ(h(x, y))
(
cos θ(gT3 , h(x, y))
− cos θ(gT1 , h(x, y)) − cos θ(g
T
2 , h(x, y))
) dx
|x− y|
2
for every y ∈ I3.
For future reference, let us note the following easy fact.
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Lemma 6.
I(y) ≺ ‖ϕ‖ν .
Proof of Lemma 6. If x contributes to I(y), then h(x, y) meets the disk B(O,R),
so that |x− y| is bounded away from 0. 
Let us switch again to the upper half-space model for H2, in such a way that y
corresponds to ∞ and O corresponds to i. Then I(y) becomes I(∞) with
I(∞) =
∫ b
a
ψ(x)
2x− a− b
b− a
dx −
∫ c
a
ψ(x)
2x − a− c
c− a
dx−
∫ b
c
ψ(x)
2x − c− b
b− c
dx
= −
∫ c
a
ψ(x)
2(x − a)(b− c)
(b− a)(c− a)
dx +
∫ b
c
ψ(x)
2(b − x)(c− a)
(b − a)(b− c)
dx
(10)
with ψ(x) = ϕ(h(x,∞)) (no need to introduce a function η now). If we again note
that |ψ(x)| 6 ‖ϕ‖ν for every x and if we integrate in x, it follows that
(11) |I(∞)| 6 2 ‖ϕ‖ν
(c− a)(b − c)
b− a
.
Let us relate this estimate to e−|uT |.
Lemma 7. If T is at distance at most 2R and at least r > 0 from the base point
O,
(i) e−|uT | ≍ b−c1+bc when uT > 0;
(ii) e−|uT | ≍ c−a1+ac when uT 6 0.
Proof of Lemma 7. Consider the case where uT 6 0. The other case is similar.
Let ρ be the hyperbolic rotation around the point O = i that sends a to 0.
Namely, ρ(z) = (z − a)/(az + 1). The distance from O to the geodesic ρ(gT3 )
is equal to the distance from O to gT3 and, by hypothesis, is therefore bounded
between the two positive constants r and 2R. Since the end points of ρ(gT3 ) are
ρ(a) = 0 and ρ(b), it follows that there are two constants 0 < R1 < R2 < ∞ such
that ρ(b) ∈ [R1, R2]. Namely ρ(b) ≍ 1.
Since ρ(a) and ρ(b) stay bounded, we can apply to ρ(T ) the arguments of the
proof of Lemma 5. Note that |uT | is equal to the distance from ρ(xT ) to ρ(yT ). On
the euclidean semi-circle ρ(gT3 ), let zT be the point that has the largest imaginary
part and let u′T be the signed distance from ρ(yT ) to zT in ρ(g
T
3 ). Then, as in the
proof of Lemma 5, uT is within a uniformly bounded distance of u
′
T and
e−|uT | = euT ≍ eu
′
T =
ρ(c)− ρ(a)
ρ(b)− ρ(c)
=
ρ(c)
ρ(b)− ρ(c)
since ρ(a) = 0. Because uT 6 0, it follows that ρ(c) ≺ ρ(b) − ρ(c), and therefore
that ρ(b)− ρ(c) ≍ ρ(b) ≍ 1. This proves
e−|uT | ≍
ρ(c)
ρ(b)− ρ(c)
≍ ρ(c) =
c− a
1 + ac
.
This concludes the proof of Lemma 7 when uT 6 0. The other case is similar,
using the hyperbolic rotation around O that sends b to 0.

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We now return to I(∞). We want to prove that I(∞) ≺ ‖ϕ‖ν e
−|uT |.
The support of ψ is contained in the interval [−R′, R′] consisting of those x such
that the geodesic joining x to ∞ meets the disk B(O,R). Therefore, if I(∞) 6= 0,
the interval [a, b] must meet [−R′, R′]. Also, if [a, b] contains [−R′, R′], its length
b − a cannot be too large, as O = i would otherwise be on the wrong side of the
oriented geodesic gT3 going from a to b. Therefore, there exists R
′′ > R′, depending
only on R, such that at least one of a, b belongs to the interval [−R′′, R′′].
Let us restrict attention, without loss of generality, to the case where a is in
[−R′′, R′′]. We now split the argument in two cases, according to whether uT 6 0
or uT > 0.
First consider the case where uT 6 0. Since I(∞) is bounded by Lemma 6,
we can restrict attention to the case where |uT | is uniformly large, namely where,
by Lemma 7, w = (c − a)/(1 + ac) > 0 is uniformly small. Note that c − a =
w(1 + a2)/(1 − aw) so that c− a ≍ w if 0 < w < 1/(2R′′) (since −R′′ 6 a 6 R′′).
By Equation 11 and Lemma 7, it then follows that
|I(∞)| 6 2 ‖ϕ‖ν
(c− a)(b− c)
b− a
6 2 ‖ϕ‖ν (c− a) ≍ ‖ϕ‖ν w ≍ ‖ϕ‖ν e
−|uT |
which concludes the proof that |I(∞)| ≺ ‖ϕ‖ν e
−|uT | in this case.
Now consider the case where uT > 0. Again, by Lemmas 6 and 7, we can
restrict attention to the case where |uT | is uniformly large, namely where w
′ =
(b− c)/(1 + bc) > 0 is uniformly small.
If b is uniformly bounded, say |b| 6 2R′′, the same argument as above gives that
b− c ≍ w′ if 0 < w′ < 1/(4R′′), so that
|I(∞)| 6 2 ‖ϕ‖ν
(c− a)(b− c)
b− a
6 2 ‖ϕ‖ν (b− c) ≍ ‖ϕ‖ν w
′ ≍ ‖ϕ‖ν e
−|uT |.
In the other case where |b| > 2R′′, then b > 2R′′ since b > a > −R′′. Note that
c = (b − w′)/(1 + bw′) > (2R′′ − w′)/(1 + 2R′′w′) > R′′ > R′
if w′ < min{ 14R′′ ,
R′′
2 }. (For the first inequality, note that the function b 7→ (b −
w′)/(1 + bw′) is monotone increasing). We now need to go back to the original
expression for I(∞) in Equation 10. If we remember that the support of ψ is
contained in [−R′, R′],
|I(∞)| =
∣∣∣∣∣−
∫ c
a
ψ(x)
2(x − a)(b − c)
(b− a)(c− a)
dx+
∫ b
c
ψ(x)
2(b − x)(c− a)
(b− a)(b − c)
dx
∣∣∣∣∣
=
∣∣∣∣∣
∫ R′
a
ψ(x)
2(x − a)(b− c)
(b− a)(c− a)
dx
∣∣∣∣∣
6 ‖ϕ‖ν (R
′ − a)2
b− c
(c− a)(b− a)
6 ‖ϕ‖ν (R
′ − a)2
b− c
1 + bc
1 + bc
(c− a)(b − a)
≺ ‖ϕ‖ν e
−|uT |
by Lemma 7 and using the fact that 1+bc(c−a)(b−a) is uniformly bounded when a 6
R′ < R′′ 6 c < b.
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This proves that I(∞) ≺ ‖ϕ‖ν e
−|uT | in all cases.
Therefore I(y) ≺ ‖ϕ‖ν e
−|uT | for every y ∈ I3, and
C1(ϕ, T ) = 2
∫
I3
I(y) dy ≺ ‖ϕ‖ν e
−|uT |.
We now consider the other term
C2(ϕ, T ) = 4
∫
I1
∫
I2
ϕ(h(x, y))
(
− cos θ(gT1 , h(x, y))− cos θ(g
T
2 , h(x, y))
) dx dy
|x− y|
2
≺ ‖ϕ‖ν length(I1) length(I2)
since |x− y| is bounded away from 0 when the geodesic h(x, y) belongs to the
support of ϕ.
Lemma 8.
(i) length(I1) ≍ e
−|uT | and length(I2) ≍ 1 when uT 6 0;
(ii) length(I2) ≍ e
−|uT | and length(I1) ≍ 1 when uT > 0.
Proof of Lemma 8. By symmetry, we can restrict attention to the case where uT 6
0 without loss of generality.
The length of I1 ⊂ S
1 is equal to the angle under which I1 is seen from O. Since
the projection xT of O to g
T
3 stays in the ball B(O, 2R), this angle is comparable
to the angle θ under which I1 is seen from xT , namely length(I1) ≍ θ. Considering
the right-angled hyperbolic triangle whose vertices are xT , the vertex c of T that
separates I1 from I2, and the projection yT of c to g
T
3 , elementary hyperbolic
trigonometry gives
length(I1) ≍ sin θ =
1
cosh |uT |
≍ e−|uT |
since |uT | is equal to the hyperbolic distance from xT to yT by definition.
Because the distance from O to gT3 is bounded, length(I1) + length(I2) ≍ 1, so
that length(I2) ≍ 1.
This concludes the proof of Lemma 8. 
From Lemma 8 and our prior estimate, we obtain
C2(ϕ, T ) ≺ ‖ϕ‖ν length(I1) length(I2) ≺ ‖ϕ‖ν e
−|uT |.
Since we already showed that C1(ϕ, T ) ≺ ‖ϕ‖ν e
−|uT |, this proves
C0(ϕ, T ) = C1(ϕ, T ) + C2(ϕ, T ) ≺ ‖ϕ‖ν e
−|uT |,
which concludes the proof of Proposition 3 when DT 6 2R, and therefore in all
cases. 
We will need a refinement of Proposition 3, which is automatically given by the
above proof. Indeed, it did not use the full force of the hypothesis that ϕ is Ho¨lder
continuous. The Ho¨lder continuity of ϕ did not come up at all in the case where
DT 6 2R, where only the L
∞ norm sup
g∈G(S˜) |ϕ(g)| 6 ‖ϕ‖ν was used. In the
case where DT > 2R, the only occurrence of the Ho¨lder continuity was just above
Equation 9, and more precisely in the statement that
|η(x)| = |ψ(x)− ψ(c)| = |ϕ(h(x,∞)) − ϕ(h(c,∞))| 6 2 ‖ϕ‖ν |b− a|
ν
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for every x ∈ [a, b], with the notation used there. Because of the estimate that
b− a ≍ e−DT from Lemma 5, we can replace this inequality by the stronger (up to
a constant) statement that
|η(x)| ≺ ‖ϕ‖gT
3
,ν e
−νDT
where, for a geodesic g ∈ G
(
S˜
)
which is disjoint from the base point O, ‖ϕ‖g,ν ≺
‖ϕ‖ν is defined by
(12) ‖ϕ‖g,ν = sup
h∈G(S˜)
|ϕ(h)|+ sup
h,h′
|ϕ(h)− ϕ(h′)|
e−νDg
where the second supremum is taken over all geodesics h, h′ which both cross the
geodesic g and have the same end point on the side of g facing the base point O,
and where Dg is the distance from O to g.
Then the proof of Proposition 3 automatically gives:
Lemma 9. Let ϕ : G(S˜) → R be a Ho¨lder continuous function with Ho¨lder expo-
nent ν, and such that every geodesic g ∈ G(S˜) in the support of ϕ meets the ball
B(O,R) ⊂ S˜. Then,
C0(ϕ, T ) ≺ ‖ϕ‖gT
3
,ν e
−(1+ν)DT e−|uT |
where the constant hidden in the symbol ≺ depends only on the radius R and on a
number r > 0 such that λ˜ is disjoint from B(O, r). 
We will need a similar estimate for the quantity
C0(ϕ, g) =
d
da
∫∫
G(H2)
ϕ ◦Θ−1m0 ◦
(
Eag
)−1
dLH2
|a=0
associated to the geodesic g ∈ G
(
S˜
)
as in Equation 4. Again, let Dg be the distance
from g to the base point O, measured in the metric m0.
Proposition 10. Let ϕ : G(S˜) → R be a Ho¨lder continuous function with Ho¨lder
exponent ν, and such that every geodesic g ∈ G(S˜) in the support of ϕ meets the
ball B(O,R) ⊂ S˜. Then,
|C0(ϕ, g)| ≺ ‖ϕ‖g,ν e
−(1+ν)Dg ≺ ‖ϕ‖ν e
−(1+ν)Dg
where the constant hidden in the symbol ≺ depends only on the radius R.
Proof. The proof is very similar to, and much simpler than, the first case of the
proof of Proposition 3. We consequently omit it. 
6. Convergence of infinite sums
This section is devoted to proving that the conjectural formula of Equation 6
really makes sense.
The arguments of Section 5 were exclusively based in the universal cover S˜ ∼= H2.
In this section, we will strongly use the action of pi1(S) and the fact that the quotient
space S of S˜ under this action is compact.
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Proposition 11. The sum ∑
T
σ˙0(T )C0(ϕ, T )
is convergent, and its absolute value is bounded by c ‖ϕ‖ν for a constant c depending
only on the Ho¨lder exponent ν and on a compact subset containing the support of
ϕ (as well as on the metric m0 ∈ T (S) and on the transverse cocycle σ˙0 ∈ H(λ)).
Proof. By Proposition 3, it suffices to show that
∑
T |σ˙0(T )| e
−(1+ν)DT e−|uT | con-
verges.
Let Φ ⊂ S be a train track carrying λ. Recall that a (fattened) train track Φ
on the surface S is a family of finitely many ‘long’ rectangles e1, . . . , en which
are foliated by arcs parallel to the ‘short’ sides and which meet only along arcs
(possibly reduced to a point) contained in their short sides. In addition, a train
track Φ must satisfy the following:
(i) each point of the ‘short’ side of a rectangle also belongs to another rectangle,
and each component of the union of the short sides of all rectangles is an
arc, as opposed to a closed curve;
(ii) note that the closure S − Φ of the complement S−Φ has a certain number
of ‘spikes’, corresponding to the points where at least 3 rectangles meet;
we require that no component of S − Φ is a disc with 0, 1 or 2 spikes or an
annulus with no spike.
The rectangles are called the edges of Φ. The foliations of the edges of Φ induce a
foliation of Φ, whose leaves are the ties of the train track. The finitely many ties
where several edges meet are the switches of the train track Φ. A tie which is not a
switch is generic. The geodesic lamination λ is carried by the train track Φ if it is
contained in the interior of Φ and if its leaves are transverse to the ties of Φ. There
are several constructions which provide a train track Φ carrying λ; see for instance
[PH][CEG].
Let Φ˜ be the preimage of Φ in the universal covering S˜. Choose an orientation
for the ties of each edge of Φ (with no requirement that these orientations match
at the switches), and lift this orientation to all the edges of Φ˜. For each edge e˜ of
Φ˜, let Te˜ be the component of S˜ − λ˜ that contains the negative end points of the
ties of e˜, for this choice of orientation.
Recall that, for a component T 6= TO of S˜− λ˜, xT is the point of the closure of T
that is closest to the base point O. To simplify the exposition, we can arrange by a
small perturbation of Φ that no xT in contained in a switch of Φ˜. As a consequence,
each xT is contained in a unique edge e˜ of Φ˜. Then,∑
T
|σ˙0(T )C0(ϕ, T )| ≺ ‖ϕ‖ν
∑
T
|σ˙0(T )| e
−(1+ν)DT e−|uT |
≺ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
|σ˙0(T )| e
−(1+ν)DT e−|uT |
≺ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
|σ˙0(T )− σ˙0(Te˜)| e
−(1+ν)DT e−|uT |
+ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
|σ˙0(Te˜)| e
−(1+ν)DT e−|uT |
(13)
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where the sums
∑
e˜ are over all edges of Φ˜ and where the sums
∑
xT∈e˜
are over
those components T of S˜ − λ˜ for which xT is in e˜.
The distance DT is also the distance from xT to the base point O. It follows
that, if xT ∈ e˜, then
(14) e−DT ≍ e−De˜
where De˜ is the distance from O to e˜ and where the constants hidden in the symbol
≍ depend only on the diameters of the edges e˜, which are uniformly bounded by
equivariance under the action of pi1(S).
If xT ∈ e˜, consider the divergence radius r(T ) of the component T ∩ e˜ of e˜− λ˜,
defined as follows. If T ∩ e˜ is one of the two components of e˜ − λ˜ that touch the
boundary ∂Φ˜, then r(T ) = 1. Otherwise, T ∩ e˜ is delimited by two geodesic arcs
contained in two of the three leaves gTi , i ∈ {1, 2, 3}, of λ˜ bounding T . These
two leaves are asymptotic on one side of e˜. On the other side, they cross the same
succession of r edges of Φ˜ before taking diverging routes at some switch of Φ˜. Then,
r(T ) is defined as this number r of edges which the two leaves cross together before
diverging.
A consequence of the combinatorics of transverse cocycles, proved in [Bo4, Lemma 6],
is that
(15) |σ˙0(T )− σ˙0(Te˜)| ≺ ‖σ˙0‖Φ r(T ) ≺ r(T )
where ‖σ˙0‖Φ = max {|σ˙0(e)| ; e edge of Φ} and where we absorb this quantity
‖σ˙0‖Φ in the constant of the second ≺.
The complement S−λ has finitely many components; see for instance [CEG][PH].
As a consequence, there are only finitely many T modulo the action of pi1(S). It
follows that, when we consider the point yT projection to g
T
3 of the third vertex of
T , the distance from yT to T ∩ ∂Φ˜ is uniformly bounded. From the definition of
r(T ) and the definition of uT as the signed distance from xT to yT , we conclude
that r(T ) ≍ |uT | + 1, where the constants in the symbol ≍ depend only on the
(suitably defined) lengths of the edges of Φ. It follows that there is an a > 0 such
that
(16) e−|uT | ≺ e−ar(T ).
Finally, using a compact fundamental domain for the action of pi1(S) on S˜, one
can go from O to Te˜ by a path which crosses at most ≺ De˜ edges of Φ˜, or more
precisely which is made up of ≺ De˜ ties and of arcs in S˜ − Φ˜. It follows that
(17) |σ˙0(Te˜)| ≺ ‖σ˙0‖ΦDe˜ ≺ De˜.
Combining the estimates of Equations 13–17, we obtain
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∑
T
|σ˙0(T )C0(ϕ, T )| ≺ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
|σ˙0(T )− σ˙0(Te˜)| e
−(1+ν)DT e−|uT |
+ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
|σ˙0(Te˜)| e
−(1+ν)DT e−|uT |
≺ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
r(T )e−(1+ν)De˜e−ar(T )
+ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
De˜e
−(1+ν)De˜e−ar(T )
≺ ‖ϕ‖ν
∑
e˜
∑
xT∈e˜
e−(1+ν
′)De˜e−a
′r(T )
for arbitrary ν′ < ν and a′ < a.
Given e˜ and an integer r > 1, the number of T meeting e˜ (or, equivalently of
components T ∩ e˜ of e˜ − λ˜) with r(T ) = r is uniformly bounded by a number
depending only on the topology of S; see [Bo2, Lemma 4]. It follows that∑
xT∈e˜
e−a
′r(T ) ≺
∞∑
r=1
e−a
′r ≺ 1
and therefore that ∑
T
|σ˙0(T )C0(ϕ, T )| ≺ ‖ϕ‖ν
∑
e˜
e−(1+ν
′)De˜ .
Now, lift the edges ei, i = 1, . . . , n, of Φ to edges e˜i of Φ˜, so that every edge e˜ is
of the form γe˜i for some γ ∈ pi1(S) and for one of these finitely many e˜i. If e˜ = γe˜i,
then e−De˜ ≍ e−d(O,γO), so that∑
T
|σ˙0(T )C0(ϕ, T )| ≺ ‖ϕ‖ν
∑
e˜
e−(1+ν
′)De˜ ≺ ‖ϕ‖ν
n∑
i=1
∑
γ∈pi1(S)
e−(1+ν
′)d(O,γO).
By convergence of the Poincare´ series∑
γ∈pi1(S)
e−(1+ν
′)d(O,γO) <∞
for ν′ > 0, this completes the proof of the convergence of the series
∑
T σ˙0(T )C0(ϕ, T ).
This also shows that
∑
T |σ˙0(T )C0(ϕ, T )| ≺ ‖ϕ‖ν , which completes the proof of
Proposition 11. 
We will need at some point a slightly stronger result:
Lemma 12. For t sufficiently small, the series∑
T
σ˙t(T )e
|αt(T )|e−(1+ν)DT e−|uT |
converges, and this uniformly in t.
Proof. We again split the sum as∑
T
|σ˙t(T )| e
|αt(T )|e−(1+ν)DT e−|uT | =
∑
e˜
∑
xT∈e˜
|σ˙t(T )| e
|αt(T )|e−(1+ν)DT e−|uT |.
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If xT ∈ e˜, it again follows from the combinatorics of transverse cocycles [Bo4]
that
|αt(T )| 6 |αt(Te˜)|+ |αt(T )− αt(Te˜)| ≺ ‖αt‖ΦDe˜ + ‖αt‖Φ r(T )
and
|σ˙t(T )| 6 |σ˙t(Te˜)|+ |σ˙t(T )− σ˙t(Te˜)| ≺ ‖σ˙t‖ΦDe˜ + ‖σ˙t‖Φ r(T ).
Because α0 = 0 and by existence of the derivative cocycle α˙0, we have that
‖αt‖Φ ≺ |t|. Also, e
−DT ≍ e−De˜ and e−|uT | ≺ e−at for some a > 0, as in Equa-
tions 14 and 16. Therefore, there are constants a, b > 0 such that∑
T
|σ˙t(T )| e
|αt(T )|e−(1+ν)DT e−|uT |
≺
∑
e˜
∑
xT∈e˜
‖σ˙t‖Φ (De˜ + r(T )) e
b|t|De˜+b|t|r(T )e−(1+ν)De˜e−ar(T )
≺
∑
e˜
∑
xT∈e˜
e−(1+ν
′)De˜e−a
′r(T )
for 0 < ν′ < ν and 0 < a′ < a, if t is chosen sufficiently small that b |t| <
inf{ν − ν′, a− a′}. We can then conclude the proof as for Proposition 11. 
7. Proof of the main theorem
The main theorem of the article, namely Theorem 1 in the Introduction, is an
immediate consequence of Theorems 13 and 19 below.
Theorem 13. Let t 7→ mt, t ∈ ]−ε, ε[, be a differentiable curve in T (S), let λ be a
maximal geodesic lamination in S, and let λ˜ be its preimage in the universal covering
S˜. Then, for every Ho¨lder continuous function ϕ : G
(
S˜
)
→ R with compact support,
d
dt
∫∫
G(S˜)
ϕdLmt
|t=0
=
∑
T 6=TO
σ˙0(T )C0(ϕ, T )
where: the sum is over all components T of S˜ − λ˜ which are different from the
component TO containing the base point O ∈ S˜;
(18)
C0(ϕ, T ) =
∫∫
G(S˜)
ϕ(h)
(
cos θ
(
gT3 , h
)
− cos θ
(
gT1 , h
)
− cos θ
(
gT2 , h
))
dLm0(h)
where the boundary of T consists of the geodesics gT1 , g
T
2 , g
T
3 with g
T
3 closest to O,
cos θ (g, h) is the cosine of the angle from the geodesic g to the geodesic h at their
intersection point, measured counterclockwise for the metricm0, and cos θ (g, h) = 0
by convention when g and h do not meet; σ˙0(T ) =
d
dt
σt(T )|t=0 where σt(T ) is the
number associated by the shearing cocycle σt ∈ H(λ) of mt ∈ T (S) to an arbitrary
geodesic arc joining the base point O to T .
Proof of Theorem 13. We are now ready to justify the formal computations of Sec-
tion 4. We will use the definitions and notation of that section. Again, we use the
isometry Θm0 associated to m0 to identify S˜ to H
2. In this identification S˜ ∼= H2,
the map Θm0 is now the identity and we use the same symbol to represent an object
in S˜ and its image under Θm0 in H
2.
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Let U be a spanning family of components of S˜ − λ˜, and consider the product
EαtT1T2...Tn = E
αt(T1)
T1
E
αt(T2)
T2
. . . E
αt(Tn)
Tn
∏
U∈U
E
αt(U)
gU
3
where T1, T2, . . . , Tn < U as in Equation 1, and where Ti < Tj ⇒ i < j.
Note that, for two transverse cocycles α, h,
Eα+hT1T2...Tn = E
h(T1)
T ′
1
E
h(T2)
T ′
2
. . . E
h(Tn)
T ′n
∏
U∈U
E
h(U)
gU
′
3
EαT1T2...Tn
where T ′i = E
α
T1T2...Tn
Ti and U
′ = EαT1T2...TnU . Since this product involves only
finitely many earthquakes, it then follows from Lemma 2 that, for every t,
(19)
d
dt
∫∫
G(H2)
ϕ ◦
(
EαtT1T2...Tn
)−1
dLH2
=
d
dt
∫∫
G(H2)
ϕ ◦
(
E
αt(T1)
T1
E
αt(T2)
T2
. . . E
αt(Tn)
Tn
∏
U∈U
E
αt(U)
gU
3
)−1
dLH2
=
n∑
i=1
σ˙t(Ti)C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2...TnTi
)
+
∑
U∈U
σ˙t(U)C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2...Tng
U
3
)
.
As the finite family {T1, T2, . . . , Tn} converges to {T 6= TO; , T < U}, E
αt
T1T2...Tn
converges to
EαtU =
−−→∏
T<U
E
αt(T )
T
∏
U∈U
E
αt(U)
gU
3
We now pass to the limit in Equation 19 and conclude:
Lemma 14.
(20)
d
dt
∫∫
G(H2)
ϕ ◦ (EαtU )
−1
dLH2
=
∑
T<U
σ˙t(T )C0
(
ϕ ◦ (EαtU )
−1
, EαtU T
)
+
∑
U∈U
σ˙t(U)C0
(
ϕ ◦ (EαtU )
−1
, EαtU g
U
3
)
for t sufficiently small.
Proof of Lemma 14. As {T1, T2, . . . , Tn} converges to {T
′ 6= TO;T
′ < U}, the
homeomorphism EαtT1T2...Tn of ∂H
2 uniformly converges to EαtU . In particular, for a
fixed T , C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2,...TnT
)
converges to C0
(
ϕ ◦ (EαtU )
−1
, EαtU T
)
.
Similarly, for U ∈ U , C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2,...Tng
U
3
)
converges to C0
(
ϕ ◦
(EαtU )
−1
, EαtU g
U
3
)
. To justify Equation 20, we need a uniform estimate for the
convergence of the sums in the right hand sides of Equations 19 and 20.
For a component T of S˜ − λ˜, the refinement Lemma 9 of Proposition 3 shows
that
C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2...TnT
)
= C0
(
ϕ′, T ′
)
≺ ‖ϕ′‖
gT
′
3
,ν
e−(1+ν)DT ′ e−|uT ′ |
(21)
if we set T ′ = EαtT1T2...TnT and ϕ
′ = ϕ ◦
(
EαtT1T2...Tn
)−1
to simplify the notation.
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Sublemma 15. If t is sufficiently small, then |DT ′ −DT | ≺ 1 and |uT ′ − uT | ≺
|αt(T )|+ 1.
Proof of Sublemma 15. We distinguish cases, according to whether T is one of the
Ti or not.
If T = Ti0 , we can arrange the indexing so that those Ti with Ti < T are exactly
those with i < i0 (while keeping the property that Ti < Tj ⇒ i < j). Then,
T ′ = I
αt(T1)
g
T1
3
I
−αt(T1)
g
T1
k1
I
αt(T2)
g
T2
3
I
−αt(T2)
g
T2
k2
. . . I
αt(Ti0−1)
g
Ti0−1
3
I
−αt(Ti0−1)
g
Ti0−1
ki0−1
I
αt(Ti0)
g
Ti0
3
T
where gTiki is the one among the two geodesics g
Ti
1 and g
Ti
2 that separates T from
the base point O, and where Iag is the isometry of H
2 that acts by translation of
a ∈ R along the oriented geodesic g.
Let T ′′ = I
αt(Ti0 )
g
Ti0
3
T . Then DT ′′ = DT and uT ′′ = uT + αt(T ). On the other
hand, it is proved in [Bo2, §5] that, if αt is sufficiently small (depending on the
metric m0) and therefore if t is sufficiently small,
I
αt(T1)
g
T1
3
I
−αt(T1)
g
T1
k1
I
αt(T2)
g
T2
3
I
−αt(T2)
g
T2
k2
. . . I
αt(Ti0−1)
g
Ti0−1
3
I
−αt(Ti0−1)
g
Ti0−1
ki0−1
remains bounded in the isometry group of H2 (the bound depends on U , but not
the condition on t).
Consequently, |DT ′ −DT ′′ | and |uT ′ − uT ′′ | stay bounded, which proves Sub-
lemma 15 when T is equal to some Ti0 .
The argument is similar when T is equal to no Ti0 (with no term I
αt(Ti0 )
g
Ti0
3
), and
leads to |DT ′ −DT | ≺ 1 and |uT ′ − uT | ≺ 1 in this case. 
Sublemma 16.
‖ϕ′‖
gT
′
3
,ν
≺ ‖ϕ‖ν
Proof of Sublemma 16. By definition of ‖ϕ′‖g,ν in Equation 12, and since T
′ =
EαtT1T2...TnT and ϕ
′ = ϕ ◦
(
EαtT1T2...Tn
)−1
,
‖ϕ′‖
gT
′
3
,ν
6 ‖ϕ‖gT
3
,ν max
{
1, eν(DT−DT ′ )
}
≺ ‖ϕ‖ν
where the second estimate comes from Sublemma 15 and from the fact that ‖ϕ‖gT
3
,ν ≺
‖ϕ‖ν . 
Applying Sublemmas 15 and 16 to Equation 21, we conclude that
(22) C0
(
ϕ ◦
(
EαtT1T2...Tn
)−1
, EαtT1T2...TnT
)
≺ ‖ϕ‖ν e
|αt(T )|e−(1+ν)DT e−|uT |
From Equation 19, we obtain
(23)
∫∫
G(H2)
ϕ ◦
(
EαtT1T2...Tn
)−1
dLH2 −
∫∫
G(H2)
ϕdLH2
=
∫ t
0
n∑
i=1
σ˙u(Ti)C0
(
ϕ ◦
(
EαuT1T2...Tn
)−1
, EαuT1T2...TnTi
)
du
+
∫ t
0
∑
U∈U
σ˙u(U)C0
(
ϕ ◦
(
EαuT1T2...Tn
)−1
, EαuT1T2...Tng
U
3
)
du.
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As {T1, T2, . . . , Tn} tends to {T 6= TO; , T < U}, the homeomorphism E
αt
T1T2...Tn
of ∂H2 uniformly converges to EαtU . In particular, for a fixed T , C0
(
ϕ◦
(
EαuT1T2...Tn
)−1
, EαuT1T2,...TnT
)
converges to C0
(
ϕ◦(EαuU )
−1
, EαuU T
)
and C0
(
ϕ◦
(
EαuT1T2...Tn
)−1
, EαuT1T2,...Tng
T
3
)
con-
verges to C0
(
ϕ ◦ (EαuU )
−1 , EαuU g
T
3
)
. Combining Equation 22 and Lemma 12, we
conclude by dominated convergence that
(24)
∫∫
G(H2)
ϕ ◦ (EαtU )
−1
dLH2 −
∫∫
G(H2)
ϕdLH2
=
∫ t
0
∑
T<U
σ˙u(T )C0
(
ϕ ◦ (EαuU )
−1 , EαuU T
)
du
+
∫ t
0
∑
U∈U
σ˙u(U)C0
(
ϕ ◦ (EαuU )
−1
, EαuU g
U
3
)
du
for t sufficiently small. Lemma 14 then follows by differentiating the two sides of
Equation 24. 
We now let the spanning family U uniformly tend to infinity. Recall that this
means that the set {T 6= TO;T < U} converges to the set of all components T 6= TO
of H2 − λ˜. We will do this in a controlled way.
Recall that OT denotes the center of the ideal triangle T . For n ∈ N, let Vn
denote the set of those components T 6= TO of G
(
S˜
)
such that d(O,OT ) 6 n. Note
that the set of all OT consists of finitely many orbits of the action of pi1(S) on S˜,
one orbit for each component of S−λ, and is consequently locally finite. It follows
that Vn is finite. Let Un ⊂ Vn consist of all elements of Vn which are maximal
for <. By construction, Un is a spanning family.
As n tends to ∞, Vn converges to the set of all components of S˜ − λ˜ which are
different from TO, and it follows that Un uniformly converges to infinity.
We will apply Equation 20 of Lemma 14 to U = Un, and let n tend to ∞.
Lemma 17.
lim
n→∞
∑
U∈Un
σ˙t(U)C0
(
ϕ ◦
(
EαtUn
)−1
, EαtUng
U
3
)
= 0
and this uniformly in t.
Proof of Lemma 17. Let us begin with the case where t = 0. Using a train track Φ
carrying λ as in the proof of Proposition 11, we have that σ˙0(U) ≺ ‖σ˙0‖Φ d(O,OU ) ≺
‖σ˙0‖Φ n for every U ∈ Un.
By Proposition 10, C0
(
ϕ, gU3
)
≺ ‖ϕ‖ν e
−(1+ν)DU . The angle under which gU3
is seen from the base point O is ≍ e−DU . Because the U ∈ Un are pairwise non
comparable, the angular sectors under which the corresponding gU3 are seen from
O are disjoint. We conclude that
∑
U∈Un
e−DU ≺ 1. Therefore,∑
U∈Un
σ˙0(U)C0
(
ϕ, gU3
)
≺ ‖ϕ‖ν ‖σ˙0‖Φ n
∑
U∈Un
e−(1+ν)DU
≺ ‖ϕ‖ν ‖σ˙0‖Φ n e
−νδn
∑
U∈Un
e−DU ≺ ‖ϕ‖ν ‖σ˙0‖Φ n e
−νδn
if δn is the infimum of the distance DU over U ∈ Un.
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If ∆ is the diameter of S for the metric m0, every point of S˜ ∼= H
2 is at distance
at most ∆ from some OT . It follows that, for every T , there is a T
′ > T such
that d(O,OT ′ ) 6 DT + 2∆. Since Un consists of the maximal elements of Vn, we
conclude that δn > n− 2∆. As a consequence,∑
U∈Un
σ˙0(U)C0
(
ϕ, gU3
)
≺ ‖ϕ‖ν ‖σ˙0‖Φ n e
−νn,
which tends to 0 as n tends to ∞.
For a general t, note that EαtUng
U
3 = E
αtgU3 if U ∈ Un. The homeomorphism
Eαt = Θmt ◦ Θ
−1
m0
of ∂∞H
2 is Ho¨lder continuous with uniformly bounded Ho¨lder
exponent and norm (depending on a compact subset of Teichmu¨ller space containing
the mt). Since the angle under which E
αtgU3 is seen from O is ≍ e
−DtU , where DtU
is the distance from O to EαtgU3 , it follows that D
t
U > µDU for some constant
µ > 0. In particular, the infimum δtn of all D
t
U with U ∈ Un is such that δ
t
n >
µδn > µn− 2µ∆. Proposition 10 gives that
C0
(
ϕ ◦
(
EαtUn
)−1
, EαtUng
U
3
)
≺
∥∥ϕ ◦ (EαtUn)−1∥∥Eαt
Un
gU
3
,ν
e−(1+ν)D
t
U .
By definition of ‖ ‖g,ν , we have∥∥ϕ ◦ (EαtUn)−1∥∥Eαt
Un
gU
3
,ν
6
∥∥ϕ∥∥
gU
3
,ν
max
{
1, eν(D
t
U−DU )
}
≺
∥∥ϕ∥∥
ν
max
{
1, eν(D
t
U−DU )
}
.
Decomposing Un as the union of the set U
+
n of those U ∈ Un with D
t
U > DU and
the set U−n of those U with D
t
U < DU , we conclude that∑
U∈Un
σ˙t(U)C0
(
ϕ ◦
(
EαtUn
)−1
, EαtUng
U
3
)
≺ ‖ϕ‖ν ‖σ˙0‖n
∑
U∈U+n
e−D
t
U−νDU + ‖ϕ‖ν ‖σ˙0‖n
∑
U∈U−n
e−D
t
U−νD
t
U
≺ ‖ϕ‖ν ‖σ˙0‖n
(
e−νδn + e−νδ
t
n
) ∑
U∈Un
e−D
t
U
≺ ‖ϕ‖ν ‖σ˙0‖n
(
e−νn + e−νµn
)
since
∑
U∈Un
e−D
t
U ≺ 1, as in the case where t = 0. This completes the proof of
Lemma 17. 
Lemma 18. For t sufficiently small, the sum∑
T
σ˙t(T )C0
(
ϕ ◦ (EαtU )
−1
, EαtU T
)
converges, uniformly in U and in t.
Proof. By Lemma 9 and by definition of ‖ ‖g,ν ,
C0
(
ϕ ◦ (EαtU )
−1
, EαtU T
)
≺
∥∥ϕ ◦ (EαtU )−1∥∥gT ′
3
,ν
e−(1+ν)DT ′ e−|uT ′ |
≺
∥∥ϕ∥∥
ν
max
{
1, eν(DT ′−DT )
}
e−(1+ν)DT ′ e−|uT ′ |
if we set T ′ = EαtU T .
Note that T ′ = EαtT when T < U , and T ′ = T otherwise. In particular, in
the first case, DT ′ is the mt–distance from the base point O to the mt–geodesic
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triangle in S˜ corresponding to T . As a consequence, DT ′ ≍ DT in both cases, and
we conclude that
C0
(
ϕ ◦ (EαtU )
−1
, EαtU T
)
≺
∥∥ϕ∥∥
ν
e−(1+ν
′)DT ′ e−|uT ′ |
for some ν′ > 0 depending on ν and on a compact subset of T (S) containing the im-
age of the curve t 7→ mt. Therefore,
∑
T σ˙t(T )C0
(
ϕ◦(EαtU )
−1
, EαtU T
)
is bounded by
the sum of
∥∥ϕ∥∥
ν
∑
T σ˙t(T )e
−(1+ν′)DT e−|uT | and
∥∥ϕ∥∥
ν
∑
T σ˙t(T )e
−(1+ν′)DT ′′ e−|uT ′′ |,
where T ranges over all components of S˜− λ˜ that are different from TO, and where
T ′′ = EαtT in the second sum. These two sums converge by Lemma 12, applied to
the metric mt instead of m0 for the second sum. This proves Lemma 18. 
If we apply Equation 24 to U = Un and let n tend to ∞ we then conclude, by
dominated convergence and by Lemma 17, that
(25)
∫∫
G(H2)
ϕ ◦ (Eαt)
−1
dLH2 −
∫∫
G(H2)
ϕdLH2
=
∫ t
0
∑
T
σ˙u(T )C0
(
ϕ ◦ (Eαu)
−1
, EαuT
)
du.
Differentiating both sides of Equation 25, it follows that
d
dt
∫∫
G(S˜)
ϕdLmt
|t=0
=
d
dt
∫∫
G(H2)
ϕ ◦ (Eαt)−1 dLH2
|t=0
=
∑
T
σ˙0(T )C0(ϕ, T )
which completes the proof of Theorem 13. 
Theorem 19. With the data of Theorem 13, the map Tm0L(m˙0) which to a Ho¨lder
continuous function ϕ : G
(
S˜
)
→ R with compact support associates
Tm0L(m˙0)(ϕ) =
d
dt
∫∫
G(S˜)
ϕdLmt
|t=0
is a Ho¨lder geodesic current Tm0L(m˙0) ∈ H(S) which depends only on the tangent
vector m˙0 =
d
dt
mt|t=0 ∈ Tm0T (S). The map
Tm0L : Tm0T (S)→ H(S)
so defined is linear, and depends continuously on m0.
Proof. By Theorem 13 and Proposition 11, Tm0L(m˙0) defines a Ho¨lder distribution
on the space G
(
S˜
)
. Also, since Lmt is invariant under the action of pi1(S), so is its
derivative Tm0L(m˙0). (Note that it is less obvious to see the invariance directly from
the formula Tm0L(m˙0)(ϕ) =
∑
T σ˙0(T )C0(ϕ, T )). As a consequence, Tm0L(m˙0) is
a Ho¨lder geodesic current.
Since the map which to a hyperbolic metric m ∈ T (S) associates its shearing
cocycle σ ∈ H(λ) is a local diffeomorphism, σ˙0 ∈ H(λ) depends linearly on the
tangent vector m˙0 ∈ Tm0T (S). It follows that Tm0L(m˙0)(ϕ) =
∑
T σ˙0(T )C0(ϕ, T )
depends linearly on m˙0. In other words, the map Tm0L is linear.
Finally, for two geodesics g, h ∈ G
(
S˜
)
, the cosine cos θ(g, h) depends continu-
ously on the metric m0 used to measure the angle θ(g, h). By bounded convergence,
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it follows that each C0(ϕ, T ) is a continuous function of m0. In addition, the ar-
guments of the proof of Proposition 11 show that the convergence of the series∑
T σ˙0(T )C0(ϕ, T ) is uniform as m0 stays in a compact subset of T (S). Conse-
quently, for every ϕ, Tm0L(m˙0)(ϕ) =
∑
T σ˙0(T )C0(ϕ, T ) depends continuously on
m0. In other words, Tm0L(m˙0) ∈ H(S) is a continuous function of m0 and m˙0. 
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